ON FINITE DIMENSIONAL SUBSPACES
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BY
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ABSTRACT

The common Banach spaces are investigated with respect to some properties
of their finite dimensional subspaces.

1. It is well-known (by the Hahn-Banach theorem) that for each element x in
a Banach space X one can find a functional feX* such that |f| =1 and
f(x)= ” X ” The following natural question arises: Given a finite dimensional
subspace E < X, is it possible to find a finite dimensional subspace F < X* such
that for each x € E|| x | =sup, 5. |f(x)|?

In this paper we show that the answer is negative, and investigate some similar
properties concerning finite dimensional subspaces. We prove that the spaces
¢o(S) and real L,, where p is an even integer, satisfy the above-mentioned con-
dition, while C and L, for all other p’s do not satisfy it.

The terminology and notations are generally the same as in [1]. Sy denotes
the closed unit ball of the Banach space X. If F is a subspace of a conjugate space
X* then F, ={x:xeX,f(x) =0 for all feF}. If Ec X then E *={f:fe X*,
f(x)=0for all xe E}.

2. Let us discuss the following conditions on an infinite dimensional normed
space X, concerning its finite dimensional subspaces:

(1) For every finite dimensional subspace E < X there exists a subspace F < X*
such that for cach xe E | x| =sup,.s,.|f(x)| and F_ is infinite dimensional.

(2) For every finite dimensional subspace E < X it is possible to find a finite
dimensional F < X* such that for each xe E | x| =sup,.s,.|f(x)|

(3) For every finite dimensional subspace E — X there exist a finite dimensional
subspace G = X such that E = G and a projection P of X onto G with | P || =1.

Denote by &, the class of all normed spaces satisfying condition ()i =1,2,3.
It is obvious that if we require in (1) that F is w*-closed &/, will not change,
Of course, o/, 2 &/, 2 /5. In §4, 7 we shall show that &/, 2 o/, 2 #/3.

The following two lemmas give equivalent conditions to (1) and (2) respectively.
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LemMa 1. Let X be a normed space; then X € o, if and only if for every
finite dimensional subspace E — X there exists an infinite dimensional closed
subspace G < X satisfying the following conditions:

(@) GNE={0}.
(b) If H is the subspace spanned by the elements of E and G, then there exists
a projection Py of H onto E along G.

© || Pe| =1

Proof. Necessity: Take for G the subspace F,. If xe€G N E then
"x" supfesF|f(x)|——0 hence x =0; if x=e+ y, ecE, yeG
then n e+ y" 2 suprsFlf(e + y)l = supfesF]f(e)I = " en Hence, the trans-
formation Pg defined by Pg(e + y) = e is a projection of H onto E along G and
since || e|| < || e+ y|, | P&| = 1. Sufficiency: For every f e E* define f(e + y)= f(e)
for each e + ye H. Now, fe H*, and f(y) =0 for every yeG. By (b) and (c)
|/ = supjespy=1|fe+ 3| = supey<i|A&)| = | f|lz- Tt follows that for
everyxe E “x“ =SUPF e 5yt [ ) I Denote by F the closed subspace of X* spanned
by all Hahn-Banach extensions of the f’s to the whole space X. It is obvious that
for each x€E |x||=sup,.s.|f(x)|. Since G=F ., F, is infinite dimensional.

LEMMA 2. Let X be a normed space. Then X € o, if and only if for every
finite dimensional subspace E there exists a closed subspace G c X satisfying
the conditions (a) (b) and (c) of Lemma 1 and condition,

(d) The co-dimension of G in X is finite.

Proof. The necessity is clear by the proof of Lemma 1. Sufficiency: By [1] p. 25,
Lemma 1, if T is the natural mapping of X onto X/G, defined by Tx=x + G,
then T* is a linear isometry of (X/G)* onto G* N X* = F. Since, by (d), X/G is
finite dimensional, so is F. By (b) and (c),if x€ E || x+G | =inf, ¢ | x+y |2 |x].
, hence | x| =|x+ G|. For every xeE
there exists a functional g e (X/G)* such that lg| =1and g(x+G)=| x+ G|.
But T*geF, and

(T*g)(x) = g(Tx) = g(x + G) = | x + G| = || x|.

T* is isometric so | T*g || = || g| = 1. It follows that for each x € E
| x| =sup|f()].
SeSF

ReMARK 1. The class o/ is not empty; every Hilbert space space belongs to «/5.

REMARK 2. According to [3] if X e &/,, and if for every n dimensional sub-
space E c X the dimension of F is also n then X is a Hilbert space.
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REMARK 3. If X e o/, then every subspace Y« X also belongs to «,. But as
shown in §4 there exists a Banach space X and a closed subspace Y < X such that
Xesofy while Yé &, .

3. We have mentioned that I/,e.o/. Let us discuss now other examples of
members of /5.

A Banach space X is called polyhedral (see [4]) if every finite dimensional
subspace of X has a polyhedron as its unit ball. J. Lindenstrauss proved in [6,
p. 100, Corollary 2] that every polyhedral Banach space X for which X** isa
P, space belongs to /5. In fact he proved that every finite dimensional subspace
of X is contained in a finite dimensional subspace which is a P, space, that is,
isometric to 1%, for a suitable n.

The following converse implication is also a consequence of the theory of
J. Lindenstrauss [6]:

LemMA 3. If X e o453 and X** is a Py-space then X is polyhedral.

Proof. Let E < X be of finite dimension. There exists a projection P of X onto
a finite dimensional subspace G which contains E, such that “ p ]l =1.

From [6] p. 16 Corrollary 3 it follows that G is a P, space, hence, it is isometric
to a space /., so the unit ball of E is a polyhedron.

In connection with polyhedral spaces, let us prove

LemMA 4. If a Banach space X is polyhedral than X e o/, .

Proof. Let E< X be a finite dimensional subspace. Denote by f,,f,, ", fi
the extreme points of Sg., and by f; any Hahn-Banach extension of f; to the
whole space X; 1 <j < k. Obviously, any element of E attains its norm on the
unit ball of the subspace spanned by £, £5,, /;.

In [4] V. Klee proves that ¢, is polyhedral. Since m is a P, space, it follows from
the preceding remarks that ¢, € &/;. We shall give here a direct proof of a slightly
stronger result for ¢, .

Let {e;};=; be the unit vectors basis in ¢,. Let us denote by E, the closed
subspace spanned by the first k unit vectors: E, = [e;,e,, -+, €]. E* will denote
the closed subspace [€,.;, .2, ---]. Denote by P, the projection of ¢, onto E,,
defined by Py ZiZ; 1ie) = Zi<1 e, It is known that | Py =| I — P, | =1 for all k.

THEOREM 1. Let €< 1/2 be a positive number, and E a finite dimensional
subspace of c,. Then there exists a finite dimensional closed subspace G of c,
with the following properties:

(a) EcGecgy.

(b) If dim(G) = n then there exists a linear isometry T of E, onto G.

(¢) The transformation Pg = TP, is a projection of ¢, onto G and ” P ” =1,

@ [I-Ps|s1+e.

(€) (I = Pg)(co) =E".
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Proof. If E is k-dimensional, then by [7, Theorem 2] we can find a basis
Xy,X3,°, X in E and functionals f,f,, -+, f, in X* such that fy(x;) =4¢;; and
£ = ||| =1 for 1S i<k If x;= Z2 ofe; is the representation of x; with
respect to the usual basis {e;};2, then an integer n can be found, such that the
following conditions are satisfied:

L |of|s e -k 3foralli>nand 1 <j<k

II. The elements x;=P,x; = X/, afe; 1 < j < k are linearly independent.
Let us denote by E’ the subspace spanned by x;,x3,-,x;. Let U be the transfor-
mation of E to E’ defined by U( X, Bx) = XX, Bx;. U is a linear one-to-one
transformation from E onto E’. Let us show that U is isometric.

If | £¥., B;x;] =1 then

= Bl | Ep(Eete) |- 1E, (Z )]
= oo (| Epat |} = {[ Epet]].

The last equality follows from the following considerations: Since ” fi || =1 and
| ki Bxi| =1 it follows that |B;|=]|f}( Z¥-1Bx)| S 1. Hence, by I, for
i>n|Xh Bod| S(upici| B (Zj=i ]Sk e k% = e k212
But sup; <;<o{| Zj=1 B¢/ |} = 1, therefore the sup is attained from 1 <i<n.
We have just proved that

1= sup { )é Biod

15ign

13 (F)e

i=

k n o Kk k
z ﬁj(z ozi"ei) ” = ‘ > Bix; =” U (Zﬁjxj) '
i=1 i=1 i j=1 j=1
It follows that U is a linear isometry from E onto E’. E’is a k-dimensional sub-
space of E,, so there exists a projection Q of E, onto E’ with | Q|| < k. Let T be
the transformation from E, into ¢y, defined by T = U ~'Q + I — Q. T is linear.
We are going to prove that | L7 y,e;| = 1 if and only if | T(Z,., ye;) |=1.
Suppose that || Zloyye | =1, Q(Zi.,ve) = Xi., Bx), and that
(I — QX Xi=yye)= X~ b Ttfollowsthat T( X7, yie) = X¥. Bx; + Xi- dee;.
Now, [0 = [ U121 ana 0] <k so | = [,(v ol Ex el s &
hence, by I we get for i> n.

L | ZF Bod | S K(Zf el S ke k < 1/2 therefore 1 = | Zi,ye
= Ejk=1ﬁjle + X1 0 | = " 2 ij=1 Bjaij'l'ai)ei” =Ssup, §i§n{| Ejk-—-lﬁja{
+ 6} = sup1§i<oo{| Z}‘=xﬁj0‘ij + 5:"}: where

d;fori<n
5 = {

O0fori>n
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(The last equality follows from II). But

s (| Epat+al]) =| £ o+ 3 oe] =] T(E ve) |,

so we have proved that if | Z'_ v, =1 then | T(Zi= 7e)]| =1. A similar
method yields the converse implication. An immediate conclusion is the following:
G = T(E,) is n-dimensional and T is a linear isometry from E, onto G. The
definition of T ensures that E=T(E"') = G.

If, again, X/_,ye;=ZXi-Bx; + Xi-;8e then P,TP(X,Z ye) =
P,T( E;l=1yiei) = Py 2,’5=1ﬁjxj + Zi"=16iei) = EJ"C=1Bjle + 2:'i"=1 die;
= XM ve =P X2,ve), hence P,TP,=P,, and so TP,TP,=TP,. It
follows that P; = TP, is a projection of ¢, onto G = T(E,), with [[ P, “ =1;
(for 1< | TP, S| T| - | Pa]| = 1. Let us remark that the definition of T and
the same methods yield the following inequality: For each X, ye€E,
| Zoeyes— T(Zioyvie) | S e Zioyvies|. Tt follows that |1 TP,| =|I-P,
+P,—TP,| S| I=P,|+|Pa]| - |[Io—T| S 1+, where I, denotes the
identity on E,. The proof of () is left to the reader.

COROLLARY 1. Theorem 1,with slight modifications in its formulation, remains
true if we replace ¢q by co(S), where S is an infinite set.

In fact, if E < ¢o(S) is of finite dimension, then there exists a sequence S, = S
such that x(s) =0 for every xe E and se S — S,. Denote by the subspace

{x:xece(S), x(s)=0 for all seS— S;}.

The natural projection P of ¢y(S) onto H is of norm 1, and so is I — P. H is
isometric to ¢, , so by Theorem 1 there exists a projection P; of H onto a finite
dimensional closed subspace G which contains E, with || Pg|| = 1. PP is a pro-
jection of norm 1 of ¢,(S) onto G. By the same Theorem 1, G is isometric to a space
I. It is easy to see that since |I — Ps|| < 1 4 & (I, is the identity on H)
|1 — PeP|| = |Uo — Pe)P + I — P| = max{|(I, — P)P|, §1—-P|}
<max{l +¢,1}=1+e.

ReMARK 4. The properties (a) to (e) do not characterize c,. It is easy to prove
Theorem 1 for the space (R; ® R, ® R3+++),, =X instead of c,. (R, denotes the
k-dimensional euclidean space.) J. Lindenstrauss proved in [5] that X is not
isomorphic to ¢, .

4. Now we shall show that the space ¢ has not the property (1). From this
will follow that no infinite dimensional space C(S) with S compact Hausdorff
has the property (2). This proves also that, as was expected, none of the properties
discussed here is invariant under isomorphisms.
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Let a ={a,};=, be an element of ¢ such that a;#a; if i¥jand 054,51,
ap=lim;, ,a,#a; for j=1,2,3,-.-. We shall consider the plane determined by the
null vector, the given a and the vector {(1 — a; )” 23 .. The family of vectors
[{a.a,+ (1 — aD)'*(1 —a})'?}2 ] n=0,1,2, is contamed in the plane and
the only point of the unit ball of I, at which the nth vector of the family attains
its norm is the n + 1th unit vector of I,. This follows from the fact that the nth
coordinate (the limit) of {a,a; + (1 — a?)'/*(1 — a})"'*}7.,is 1 wheren = 1(n = 0)
and the other are positive but less than 1. Hence, the smallest closed subspace
of I, on the unit ball of which every vector from our plane attains its norm is /,
itself.

The same plane taken this time in the space m shows that this space also has
not the property (1). (We use the fact that ! is w*-dense in m*).

Considering in C[0,1] the subspace spanned by fi(x) =x, f(x)=1—x?
can be proved that C[0,1] does not satisfy condition (1).

Now we are able to display a space which belongs to &, but fails to belong
to &, . If X is a space which does not belong to &/, the space Y= (I,@X) ,, isthe
desired one. Indeed, the conjugate of Yis (I, @ X*),, and if E is a finite dimensional
subspace of Y any element of E attains its norm on the unit ball of (P(E) @ X*),,
=(l, ® X*),,, where P denotes the natural projection of Yonto I, . The annihilator
of P(E)@® X* is the orthogonal complement of P(E) in I, which is obviously
infinite dimensional. But Y fails to have the property (2) since its subspace X
has not this property. (See Remark 3). If we suppose that X does not belong
even to &, like the space ¢ for instance, we see from the above example that
property (1) of a space is not inherited by its subspaces.

5. We shall prove now that the property (1) is not valid in I, . Thus no infinite

dimensional L-space has property (2). Leta = {a,};2,, b = {b,;}{= be two elements
of I, such that

]

> p>0
bi'*'l

o8

for every i and consider the subspace generated by them. For a given natural
number n let &, be a scalar such that (a,/b,) > «, > (a, +1)/(b, + 1). The vector
a — a,b attains its norm on the unit ball of m at the point {sign(a;—a,b)};-, and
we have:

sign(a; —a,b) =1 1giZn
sign(a; —e,b)=-1 izn+1

Choosing a scalar o, such that ¢, > (a,/b,) the vector {a, — aob,};% will attain
its norm only at the point (—1, — 1, — 1,...) of S,,. The smallest w*-closed sub-
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space of m which contains all the points of m found above is m itself, and this
proves our statement.

The space L,[0, 1] fails also to have property (1). To see this it is enough to take
the subspace generated by f,(x) =1 and f,(x) = x and to use the fact that the
characteristic functions of intervals form a total family over L,[0,1].

One may ask if the completion of a normed space satisfying one of the con-
ditions (1), (2), (3) must satisfy this condition. The answer is negative since the
linear subspace of I; generated by the unit vectors is 2 member of &, while its
completion fails to belong even to &, .

THEOREM 2. The spaces 1,1 < p < 0, where p is not an even integer, do not
belong to the class o ,.

THeOREM 3. If (S,X,u) is a measure space, the real space L,(S,Z,u)=1L,
with p an even integer belongs to &, .

In proving these theorems we shall constantly make use of the known facts that
the function f(t) of L,(p > 1) atains its norm on the unit ball of L,(1/p+1/g=1)
at the point |f] ™7 -|f(®)|*""'sign f(r) and only at this point. We shall
refer everywhere to | f (t)[" ~Lsignf(t) since this function belongs to the same
subspaces of L, as || f||* 7%+ | f(t)|?~'signf(t) does.

Proof of Theorem 2. Let n be any integer greater than p. (If p is not an integer
n may be any integer greater than 1). We shall consider the two dimensional
subspace E, of I, spanned by a, =(1,1,--1) and b, =(1,2,3,:--,n) and we shall
show that there is no proper subspace of I; which contains all the points of the
unit ball having a support hyperplane generated by an element of E,.

Assume that n is an odd integer. Denote
P =1 +ay " =1+ A7} 1<ign.

Since a, + Ab, € E, for any real 4, in order to prove the assertion it will be enough
to display n independent vectors of the the form

{P,(Msign(l + &), P,(A)sign(1 + 24),---,P(A)sign(1 + ni)}.

We shall give to A n different values submitted to the conditions:
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The corresponding vectors are the rows of the matrix:

Pl('ll)9 PZ(AI), s Pn(ll),
PI(AZ)’ P2('12)’ s Pn(AZ):
Py, Pald) PRy,
Pl(lp-f-l)’ P2(1p+1)a"' sPn—l(A'p+l))a —Pn(lp+l)’
Pl('lp+2)’ P2()“p+2),"'aPn—2(1p+2)’_Pn—l(lp+2), - Pn()“p+2):
Pih)s  Palia)oss Py, = Pyus(iy) = - ~ P,(4),

If its rank is less than n, there exist n scalars p, 1 < k < n such that

I X uP()=0 I<isp
k=1

.y s
II ~1llkPk()varj)" ) uP(Ap45) =0 Isjsn-p

k l=n—j

Since the degree of Pi(1) is p — 1, we deduce from I that
11 2 wP(A)=0
k=t
forany A. TakinginII j=1,inIIl A= 4,,,and subtracting one equality from

the other we get u,,, =0. Continuing in this way we get u,, ;=0 for 1<j<n—p.
Hence, III may be written as

My

v P (2) = 0.
1

k

But it is easy to see that these polynomials are linearly independent, and this
proves our assertion about I}, where p is an odd integer.

Now suppose that p is not an integer. The proof of our assertion in this case
will be achieved if we show that n positive numbers 4,,4,,--- 4, can be found such
that D(4;,4,,,4,) =det(l +ii)?"* #0. For n =2 it is easy to check that if
Ay # Ay then Dy(4,,4,) # 0. Suppose that n — 1 positive numbers 4,,4;,-+,4,-4
were found such that

\4 Dn—l()‘l’lb"'sln—l)#o
but
VI Dn(;‘l,'lz""pin-l’l)#‘o

for any 1 > 0. Differentiating VI » — 1 times we get
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(1+}'1)p—1’ (1+2}.1)p_1’..- (1+nll)p—l

(1+'1n-1)p—1,(1+2}cn_1)p—l’... (1+nl,,_1)P_1 =0

(L+ AP, 241 + 2P0 il + nay =1~
j=1,2’...’n__1_

These equalities together with VI form a linear system of equations the coefficients
being the elements of the last rows of the determinants. From V we deduce that
this system has non-trivial solutions. Therefore

A+ P LA +20P78, . ,(L+ni)yp!
A+ D222 +20)772, .. (1 +nA)P~? =0
A+ )P 2+ 227, n" i1+ na)?"

for any A > 0. This equality is obviously false and, consequently VI cannot be
true for any 1 > 0.

Now we shall construct a two-dimensional subspace of I, with the property
that its elements attain their norms on the unit ball of I, at points which span an
infinite dimensional subspace of I,. This plane is spanned by the vectors a and b
constructed as follows: The nth block of n coordinates in a is

n_2 " (1 +2p+3p+ s +np)—1/p_ (19191y'“>1)7

and in b is n”2 (1 +2P+ 3P+ .. n?)" VP (1,23, ... n), for n=1,2,3,.
From the above discussion we know that this plane has the required property.

Proof of Theorem 3. We shall prove that for any n-dimensional subspace
F of L, there exists a subspace F of L, of dimension C};,-, such that
||x" =supfesplf(X)| for any xeE. Let x,(f), x,(1),---,x,(f) be a basis of E.
We have to detemine the dimension of the space spanned by the functions
(T A ()P = | T Ax(f) [P - sign (Zp-, Ax(f)). These functions are
linear combinations of the functions xf* - x52... x¥ for all possible non-negative
integers ky,k,,---, ks, which satisfy X_, k; = p — 1. Any function of this type
belongs to L, (this can be seen if we use the fact that L, is a lattice) and there are
Chn-2 such functions. Consequently all the functions (Zi= x{t)? "' lie in a
subspace of L, which has the dimension C:,Ir,l,_ 5.

An immediate consequence of Theorem 2 is the fact that no space L, (u)
with p#£2k, k=1,2,3,--- satisfies condition (2).
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7. Let us discuss now reflexive Banach spaces X for which Sy. is strictly convex.
By [8] and [2], the last property is equivalent to the following one: Every bounded
linear functional f defined on a subspace E of X has one and only one Hahn-
Banach extension f.

LeMMA 5. If a reflexive space X belongs to o3, and Sx. is strictly convex
then X*e o 5.

Proof. Again by [7], given a finite dimensional subspace F < X*, one can
find a basis fi,f,, . f, for F and functionals x,,x,,---,x; in X such that
x| =1]fill =1 and f(x))=8,,1<i<k 1<j<k. Denote by E the subspace
of X spanned by x,x,,:-,x,. Since X € &5, there exists a subspace G = X satis-
fying the following conditions:

(a) G is of finite dimension,

(b) EcG,

(c) There exists a projection P; of X onto G.

@ | Pef = 1.

Denote (I — P;)(X) = H. Each xeX has a unique representation
x =y + z where y € Gand z € H. For every element ¢ € G* define: f,(y + 2)= ¢(y).
f, 18 an extension of ¢, it is linear and by (d) ]]]f,,]l = sup||y+,||§,|j;(y+z)|
=supy, 51|40 | = | ¢

Denote by M the subspace {f;: ¢ € G*} of X*. It is easy to see that M is isometric
to G* and so it is of finite dimension. Moreover, there exists a projection Q of X*
onto M, with ” () “ =1. For 1 i<k f,eM, because otherwise the restriction
¢; of f; to E would admit two Hahn-Banach extensions — f; and f;, . But this is
impossible by the hypothesis of the lemma. It follows that F < M.

COROLLARY. For p=2n (n an integer 22) L,e o/, but L, ¢ o/.

Proof. If L,e.«/; then L, eo/3 where 1/p+ 1/g =1. But by Theorem 2
L,¢ o5, since g = p/p — 1 =2n/(2n — 1) is not an integer.
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